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Abstract
Scienti�c computingis an increasinglycrucial componentof research in variousdisciplines.Despiteits potential,
exploration of the resultsis an often laborioustask,owing to excessivelylarge and verbosedatasetsoutputby
typical simulationruns. Several approacheshavebeenproposedto analyze, classify, and simplify such data to
facilitate an informativevisualizationand deeperunderstandingof the underlyingsystem.However, traditional
methodsleavemuch roomfor improvement.

In this article weinvestigatethevisualizationof large vector�elds, departingfromaccustomedprocessingalgo-
rithmsby castingvector�eld simpli�cation asa variational partitioning problem.Adoptingan iterativestrategy,
we introducethe notion of vector“pr oxies” to minimizethe distortion error of our simpli�cation by clustering
the datasetinto multiple best-�tting characteristic regions.This error driven approach can be performedwith
respectto varioussimilarity metrics,offering a convenientsetof tools to designclear and succinctrepresenta-
tions of high dimensionaldatasets.We illustrate the bene�tsof such tools throughvisualizationexperimentsof
three-dimensionalvector�elds.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.0 [ComputerGraphics]:Flow Visualization

1. Intr oduction
With the continuedadvanceof computerarchitectures,un-
precedentedcomputationalprocessingpower is availableto
any scientistwhoseresearchmay bene�t from computer
modelingor simulation.Many disciplineshaveadoptedsuch
methods,motivatingsub-branchesin scienceandengineer-
ing; molecularmodelingandcomputational�uid dynamics
(CFD) arecommonexamples.Today, computersallow re-
searchersto perform increasinglycomplex 3D simulations
using extremely �ne grids to captureeven the most sub-
tle of detail.Thesesimulationrunstypically generatemany
gigabytesof data,wherebypost processingand visualiza-
tion becomecritical stepsin the pipeline.The demandfor
tools to analyzeand extract the relevant information from
thesedatasetshasbeenrecognized,and many approaches
andtechniquesproposed.

Wefocusontherepresentationof 3D vector�elds, achal-
lengingtopic in scienti�c visualizationfor which no natural
representationexists.Unlikegeometry, color, or texture,vec-

tor �elds aredif�cult to depictclearly, andthuswarrantspe-
cial attentionto develop an intuitive visual understanding:
givena static�eld, we areconfrontedwith up to six dimen-
sionsof data(positionandaf�liated vectorin 3D) thatmust
be projectedonto a 2D computerscreen.We begin by re-
viewing thestrengthsandweaknessesof existing visualiza-
tion toolsasa motivationfor ourwork.

1.1. Brief Review of Visualization Techniques
Despitethe fairly recentinvent of computermodelingfor
scienti�c purposes,theimportanttaskof visualdepictionof
�o w �elds (to convey, inspect,andanalyzetheircontent)has
somehistory, in whicha few methodshavebecomepopular.

Hedgehogand Glyphs Sincean arrow icon is typically
usedto depicta vector, a naturalapproachis to de�ne vari-
ousbasepointsin ourdomainat which to samplethevector
�eld, anddisplaytheassociatedarrow icon.Samplescanbe
taken throughoutthe �eld andallows us to presenta com-
pleteview of both the magnitudeanddirection in a single
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Figure1: Variational Segmentation:Error-drivenclustering
is performedon various�ow �elds usingthe L 2 metric for
vectorcomparisons.Each color representsanareain which
bothdirectionandmagnitudeof the�eld is verysimilar, pro-
vidinganotherwisehiddeninsightinto thesystem.

image.Unfortunately, locality is a signi�cant concernwith
this concept:eachsamplingonly depictsthe �o w at a spe-
ci�c point in the�eld; subsamplingthe�eld will misssmall
yet importantdetails,while increasingthis resolutionwill
leadto a very clutteredvisualization.In [LAK � 98], arrow-
headsarereplacedwith moreadvancedglyphsin attemptto
betterpresentmultivariatedata.

Contraction and TopologicalStructure Ratherthanvi-
sualizingvector�elds directly, many haveproposedto “con-
tract” the data into scalarquantitiesthat representsalient
characteristicsof the �eld. Examplesof important physi-
cal featuresthatcanbepresentedin this fashionincludethe
magnitude,thedivergence,or thevorticity of a �o w. In the
samevein, the topologicalstructure(critical points,separa-
tion lines–see[GL91]) canbedepictedasa very coarse,yet
highly informative representationof avector�eld' scontent.

StreamlinesAn alternateapproachde�nes�eld linesthat
arealwaystangentialto the�o w [TB96,SM02]. Givenavec-
tor �eld thatdoesn't varyin time,wecouldimaginedropping
aparticleinto the�eld ataspeci�c pointandtracingits path
asthe �o w �eld pushesandpulls the particlealongthe di-
rectionof the�eld. Streamlinescanoftenprovideanelegant
solutionin 2D, but suffer from similar locality problemsas
thearrow plot - apoorplacementof particlescouldmissim-
portantdetails,for example;yet, too many streamlineswill
againcauseconfusion.

LIC Line IntegralConvolution[CL93] hasbecomeapop-
ularmethodfor �o w visualizationin 2D.A texture,typically
animageof randomnoise,is appliedto thevector�eld and

pixels of this imageareadvectedalongthe �o w andinter-
polatedto generatea new imageof the noiseafter being
distortedby the �eld. LIC canalsobe usedto depict vec-
tor �elds thatarede�ned on arbitrarysurfacesembeddedin
3D. In bothcases,resultingimagescapturethedetailsof 2D
�o ws extremelywell.

(a) Hedgehog (b) Contraction (c) Streamlines (d) LIC

Figure2: Populartechniquesof vector�eld visualizationap-
plied to a non-trivial 2D dataset.

Many of thesevisualizationstrategies have proven ex-
tremely effective on visualizationof 2D �o w �elds, and
even time varying 2D vector �elds. And in [LKD � 01], a
mechanismwas presentedto evaluatethe effectivenessof
any given strategy. However, noneof thesebasicmethods
translatewell into three-dimensional�o w �eld visualization.
Simple translationof space�lling methodologies,suchas
glyphsor LIC, fail becauseperceptuallytheendviewer re-
quiresopaque3D structuresand reasonabledepthcuesin
order to discernamongthe layersof databeingdisplayed.
Approachesthat use volume renderingtechniqueson 3D
LIC [RSHTE99] or advancedstreamsurfaceswith texture
hints(basedon[GIS03]) andlighting hints[MTHG03] have
improved the ef�cacy of 3D vectorvisualization,although
thesetechniquesquickly producedisplaysthat aretoo tax-
ing to comprehendfor anything beyond themostsimpleof
�o ws. For further generaldiscussionon recentadvances,
pleaseconsult[PVH� 02].

1.2. Vector Field Simpli�cation thr oughClustering
A remedyfor reducingtheclutteris to minimizetheamount
of datapresentedto the userwhile converting that which
is presentedinto simpleyet descriptive iconic elements.A
commonapproachis to employ clusteringof similar con-
tiguous vectorsin order to representlarge regions of the
�o w by a single“average”vector. This wasusedin [TV99]
andalso [GPR� 00]: anextensionthatusestheCahnHillard
modelof physical-basedclusteringaswell asa phasesepa-
rationmodel.In morerecentwork, [DW04] usea Voronoi
tessellationbasedalgorithmfor clustercreationandmean-
while in [GPR� 04] we seethe conceptof algebraicmulti-
grids to �nd stableclustersin 2D and3D. As a signi�cant
pitfall, however, theseclusteringschemesgenerallyfall short
by concentratingonresultsin 2D,whereothermethodshave
provenmoreeffective.

1.3. Contrib utions
WeherebyproposeavectorclusteringtechniquebasedonK-
meansby extendingthework of [DW04], which is not only
ef�cient and stable,but can also usedifferent,physically-
basedmetricsin order to provide a meaningfulsegmenta-
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tion of the input vector �eld; we explore distancemetrics
basedon direction,gradient,curl, anddivergenceto offer a
wide rangeof tools applicableto variousvectorvisualiza-
tion goalsin 2D and3D. After demonstratingtheef�ciency
of this new technique,we useit as a basisfor visualizing
turbulentvector�elds.

2. Variational Segmentation

To departfrom mostof thetraditionalmethods,wecastsuch
�o w �eld dataminingasa variationalpartitioningproblem.
Given a large, verbosedatasetour approachendeavors to
clustertogetherareasof the�eld with low `entropy': ideally
“similar” vectorsaregroupedtogetherbecausethe relative
importancethat eachindividual vectorcarrieswith respect
to theentire�eld is very low. By simplifying a vector�eld
into several regions,a globaldistortionerrorcanbede�ned
andanattemptmadeatminimizingthisquantityby applying
aniterativestrategy thatproduceslocally optimalpartitions.
The entire segmentationprocessas we describeit next is
directly inspiredby [CSAD04] whichprovidesadeeperdis-
cussionof all thestepsinvolved,but in thecontext of geome-
try insteadof vector�elds; westronglyrecommendreferring
to thispaperfor furtherexplanation.

2.1. Input Data and Concepts

Discrete Vector Fields Our algorithmis applicableto dis-
crete vector �elds: computers—beingmachinesof �nite
precision—areinherentlymoresuitedto discretedatarather
than continuousrepresentations.In the discretesetting,a
meshdelimits thesurfaceor volumein which a vector�eld
is de�ned. For eachprimal elementof this mesh(triangle
in 2D, tetrahedronin 3D), thereexists anassociatedvector
- this type of data is known as a piecewise constant�eld
sincethe �o w �eld is consideredconstantwithin eachpri-
mal element.It is this geometry(andassociated�eld) that
we attemptto simplify throughclustering.

K-partitioning The ideaof clusteringvectorsof a �o w
�eld into apartitionhasalreadybeenusedmany timesin sci-
enti�c visualization[TV99,GPR� 00]. We entertaintheidea
that an approximatingvector is essentiallya surrogate lin-
earapproximantfor a setof originally groupedvectorsthat
sharesimilarcharacteristics.In thiscontext, clusteringavec-
tor �eld into apartitionwith k regionsappearsto beanatural
way to ef�ciently resampleour data.Eachregion R i of a
partitionR canthenbesummarizedby an“average”vector
proxy Vi (averagewith respectto a givendistortionmetric).
Traditionallythepartitioningis achievedin agreedyfashion,
andalthoughwebaseourapproximationonpartitioningtoo,
we will seein the following sectionsthatour methoditera-
tively seeksa partition that bestrepresentsthedataset: this
variationalnaturewill make theresultsmorestriking dueto
theirnear-optimalqualities.

2.2. De�ning Local Distortion Measures

Now that we have a representative vector proxy for each
region of the mesh,a distortionerror is de�ned that deter-
mineshow closethe simpli�cation is to our original �o w
�eld dataset.To �nd the error of an initial input vector, we
simply compareit with its newly associatedrepresentative
vectorproxyVi andcheckthelocaldeviation from thisaver-
age,i.e., the local distortion.Thusby integratingthedistor-
tion errorbetweeneachvectorin a region R i andits vector
proxy Vi (i.e., by summingthe differencebetweena vector
andits associatedproxyandweightingtheerrorproportion-
ally to the area(in 2D) or the volume(in 3D) of its primal
element),we obtainthetotal error in a givenregion R i . We
canthencomputeaglobalerrorfor thewholevector�eld by
addingtogetherthe total distortionof every region R i . Let
usnow put it in mathematicalterms:givenanerrormetricE,
adesirednumberof proxiesk, andaninputmeshM, wecall
theoptimal vector proxiesa setV of proxiesVi associated
with theregionsR i of apartitionR of M thatminimizesthe
total distortion:

E(R ;V) = å
i= 1::k

E(R i ;Vi) (1)

If weconsiderusingL 2 asourerrormetricE, theL 2 error
of a vector proxy Vi and the associatedregion R i is sim-
ply thedistanceof thevectorsandtheir representative, inte-
gratedover thevolume(or surface)of theregion:

EL 2(R i ;Vi) =
�

x2R i

kv(x) � V ik
2dx (2)

In adiscreteimplementation,wecomputetheL 2 errorof a
regionasthesumof distortionsbetweenall primalelements
Pi 2 R i (with volumejPi j andvectorvi) andtherepresenting
vectorproxy:

EL 2(R i ;Vi) = å
i2R i

kvi � V ik
2jPi j (3)

Now for a region R i , theoptimalvectorproxyVi is sim-
ply (å Pi2R i

jPi jvi)=T whereT is the total 3D volume (or
areain 2D) of theregion.Usingthisdistancemetricto drive
the iterative partitionoptimization(detailedin Section2.4),
we observe physically relevant partitionssuchasshown in
Figure1.

2.3. De�ning Higher-Order Measures

To compute �rst-order-metric clustering basedon diver-
gence,gradient,or curl, we mustcalculatethesequantities
for eachprimal elementP. Generalizingthedistortionmea-
suresspeci�edin Section2.2, weconsider�rst-order metrics
over piecewise-linearvector �elds (rather than piecewise-
constant).In this setting,�o w is de�ned at eachvertex in
our mesh,andthereforethe div, gradandcurl will be con-
stantper primal elementP. At a given point x, our �o w f
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(a) VectorField) (b) Directionalityclustering

(c) Gradienttensorclustering (d) Vorticity clustering

Figure 3: Application of various distortion metrics, 100
proxies.

is an interpolationof the �eld de�ned by theverticesof the
encompassingelement:

f (x) = å
i

f i (x) fi (4)

with f i beingthepiecewise-linearbasisfunctionvalued1
atnodexi , and0atall othernodesof P, andfi beingthevalue
of f atnodexi . Dueto thelocalsupportof thebasisfunctions
f i , the valueof f within a tetrahedronwhich is de�ned by
(xi1 ; xi2; xi3; xi4) is simply: f = f i1 fi1 + f i2 fi2 + f i3 fi3 + f i4 fi4.

Ñf i

i

f  = 0i F
~

f  = 0i

f  = 0i

f  = 1

Figure4: Basisfunctions:Valueof f i over a tetrahedron is
shownvia thecolor gradient.Thevectorr f i haslength1=h
where h is theheightof thetetrahedron frombasefaceF̃.

Notice that r f i is nothingmorethanthe vectororthog-
onal to the face opposite to i, F̃ in the direction of i,
where jr f i j = (3 � jPj)=jF̃j. The direction of r f i is eas-
ily found as the crossproductof two edgesof F̃. In 2D,
the sameconceptsapply: F̃ is replacedwith an edgeẽ and
jr f i j = (2 � jPj)=jẽj. Having computedr f i , we are now
able to calculatethe gradientof f (r f ), or its divergence
(r � f ), or its curl (r � f ) veryeasily;pleasereferto [PP00]
and[TLHD03] for details.Finally, wecanstoretheregional

(volume weighted)meanvaluesof thesequantitiesin the
vectorproxy for usein partitioning,theerrorsbeingde�ned
in a similar fashionto thatof EL 2 in Equation2. Note that
thesezerothand �rst order metricsfor vector comparison
in 2D and3D area usefulextensionto the metric de�ned
in [DW04]: not only do they allow physically-relevantclus-
tering,but they alsopermithigher-orderclustering.Cluster-
ing togethervectorswith similar curl componentsto natu-
rally detectvorticiesandeddiesis possible,asis comparing
divergencewhich allows us to point out sourcesandsinks.
Figure3 illustrateshow a singledatasetmay look through
thesedifferentmetrics.Thepotentialfor any varietyof other
metricsexist, wherenecessary.

2.4. K-Means Algorithm for DiscreteVectors
Distortion-dri ven Flooding The procedureto build a k-
partition—connectedand non-overlapping k regions—of
our input mesh is straightforwardly achieved through a
rapid �ooding processthatmakeslocally optimaldecisions
in an attempt to reduceour global distortion, as de�ned
in [CSAD04]. To bootstrapthe process,we pick k random
seedelementsin our meshand for each;we assigna vec-
tor proxy de�ned by this seed's vectordata.Then,for each
seed,we addits neighborsto a priority queue,whereprior-
ity is givento neighborsthathave thelowestdistortionwith
respectto the seed's proxy. As we remove elementsfrom
thequeue,we assignthatelementto its vectorproxy of low
distortionandthencontinueby addingits neighborsto the
queuein a recursive fashionuntil all elementshavebeenas-
signedto a region.

Optimizing the Partition The K-meansalgorithm (or
moreprecisely, theLloyd'sclusteringalgorithm)canthenbe
applied—adeterministicand�x ed point iterationthat pro-
videsnear-optimal clusteringfor a surfacewe wish to split
into k regions.Conceptually, the ideais simple:afterde�n-
ing k randomcenters,all the datapointson the surfaceare
partitionedinto k regionsby assigningeachpoint to its near-
estcenter. Then,thealgorithmupdatesthecentersto bethe
centroidsof their associatedregions beforestartinga new
partitionwith thesenew centers.Thisprocessis repeatedun-
til a stoppingcriterion is met. It is easyto understandhow
this generalizedframework canbeappliedto our distortion
minimizationproblem:in thissetting,thecenterscorrespond
toourvectorproxiesandthesurfacewewishtopartitioncor-
respondswith ourmesh.Onceourmeshhasbeenpartitioned
throughthe�ooding mechanism,weupdateourvectorprox-
iesby takingthenew “average”in theassociatedregion,and
repeatthesetwo stepsuntil ourpartitionconverges,seeFig-
ure 6. It can be proven [CSAD04] that suchan algorithm
aimsat minimizingourglobaldistortionerrorE - the�ood-
ing stageminimizesE for a �x edsetof vectorproxieswhile
theproxy�tting stageminimizesE for a�x edsetof regions.

PossibleExtensionsThebasictechniquepresentedin this
paperis simple to extend in variousways.First, repeated
subclustering(i.e.,clusteringwithin eachcluster)canbeper-
formedto provide a versatile,hierarchicalclusteringof ar-
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Figure5: Pipelinefor visualizinga cylinderdatasetduring impactundernon-slipconditions,100ktetrahedra.Left: Variational
segmentationinto 200 regions.Middle-Left: Explodedview of the clustervolumes.Middle-Right:Streamlinesinitiated from
thecentroid of each cluster, terminatedat theregion boundary. Right: Thinningtubesdrawnthroughtheentire domainwhile
adheringto a distancethreshold.We useorthogonalshadowsprojectedon thebaseplanesfor added3D cues.

(a) VectorField (b) Initial �ooding (c) 1stiteration (d) 10thiteration

Figure6: Lloyd'salgorithmis appliedto quickly drivedown
thedistortionerror. Throughiterativepartitioningandproxy
�tting , theclusteringconvergesin justa few steps.

bitrary �elds. Second,the metric canbe easilyaltered:one
especiallyusefulmetricfor visualizationis aweightedcom-
binationbetweenthegradienttensormetricandaspatialpo-
sitionmetric.But morephysically-drivenmetricchoicescan
alsobemade.

3. Resultsand Discussion

We have testedour variationalsegmentationtechniqueex-
tensively on vector�elds varyingfrom analytic,coarsegrid
testcasesto large,noisy�o w �elds with tensof thousandsof
samplepointson irregulargrids.In all caseswe obtainvery
naturalsegmentations,especiallywhenincorporatingproxy
teleportation[CSAD04] to eject proxiesfrom sub-optimal
local minima. Applying the variationalmechanismto dif-
ferentmetricsallows us to extract new and insightful per-
spectivesfrom any �o w �eld—Figures 5 and8, 9 show this
machineryin action.

The framework presentedheregives us much spacefor
furtherexplorationanddevelopments.In particular, wemust
now derive a meaningfulvisualizationfrom our segmenta-
tion. In otherwords,now that we have simpli�ed the �eld
into k regions,we have to presentthis datain a construc-
tivemannerthatwill generateagreaterunderstandingof the
underlying�o w for scienti�c researchers.

Thenaïve approachof showing a hedgehogperregion is

both clutteredandunintuitive. Previous work on clustering
hasrelied on slightly more advancedrepresentationssuch
ascurved arrows, analogousto shadedstreamlineswith an
icon at the front of the curve to represent�o w directional-
ity. But arrowheadsspeci�cally, areextremelystrongvisual
elements,which garner focus away from the more subtly
curvedstreamlines.This is averyundesirablesideeffectbe-
causethecurve is wheremostof the informationaboutthe
movementof the �o w is presented.Conversely, streamlines
alone(without an arrowhead)fail to indicatethe direction
of the�o w, which is ratherimportantwhenpredictingparti-
clemovement,aswell asto distinguishbetweensingularities
suchassourcesandsinks.

3.1. Visualization thr ough Streamlines
As suggestedby Figure3(c), the �rst-order gradienttensor
metricprovidesanelegantmechanismto home-inon singu-
larities andactive areasin the data,thereforeservingasan
excellentfoundationfor visualizationpurposes.Onepossi-
blestrategy for this (similar to [JL97]) is presentedbelow:

Having obtainedtherepresentative clusters,we usethese
for theplacementof streamlines.For eachregion in thepar-
tition, we initiate a streamlinefrom the barycenterof the
clusterand integratebackwardsand forwardsover the en-
tire vector �eld using a standardRunge-Kutta scheme.To
ensurean attractive distribution of streamlinesfor the vi-
sualization,a Euclideandistancethresholdt is introduced.
We tracethe streamlinesin ascendingorderof the associ-
atedcluster's volume,and if at any time this tracecomes
suf�ciently closeto anythingthathaspreviouslybeendrawn
(within distancet), thestreamlinetraceis terminatedandwe
proceedto thenext seed.

3.2. Thinning Tubes
For anelegantdisplayof theresultantstreamlines,we intro-
ducethe useof thinning tubes—generalizingfrom [JL97]
and [TB96]. Thinning tubes are tubes of �nite volume,
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Figure7: Theeffectsof an increasingstreamlinedistancethreshold.

wherebythe radiusof the tube's circular crosssectionlin-
early increasesin the directionof the vector �eld. The ad-
vantageof thinning tubesover regular streamlinesor �o w
ribbonsis that the varying girth indicatesthe direction of
�o w; anddoessoin anunobtrusive mannerthatdoesn't de-
tract visual focus from the subtlepathsof the �o w. More-
over, as3D objects,thinning tubesrenderwell underbasic
specularitysupportinglight models,thusincreasingthe3D
information—3Dcues—presentedto theresearcher.

Given a streamlines of length l , for any point on s that
hasa distanced alongthe curve to the front of the stream-
line, wecomputetheradiusr(d) of thethinningtube'scross
sectionat thatpoint to ber(d) = k � (( l � d)=l )) . Thefront
of thethinningtubewill thereforehavearadiusk, andin our
implementationk is alsodirectly correlatedwith the length
of thestreamline.Thishelpsto achieveavisualbalancethat
emphasizeslongerstreamlines.

Notethatthinningtubeshave thepotentialfor many vari-
ations.We canfurthermanipulatethemto resembleartistic
brushstrokes,or to supplyadditionalinformation- in partic-
ular we could indicatethe magnitudeof the vector�eld by
varying the girth of the tube,or varying its color asit inte-
gratesthe�eld.
3.3. Conclusionand Future Work
Consideringthegeneralizedframeworkof Lloyd'salgorithm
and its easeof implementation,our methodquickly paves
theroadfor numerousenhancements.In particular, consider
a vector�eld thatis not static,but variesover time.Extend-
ing our notion of a vectorproxy, a 4D approximation(3D
+ time) usinga space-timemetriccanbeconstructedto ef-
fectively make thebestof bothspatialandtemporalcompo-
nents:variationalmotionsegmentationcould reveal itself a
powerful visualizationtool.
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