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Abstract

Scienti ccomputings anincreasinglycrucial componenbf reseach in variousdisciplines.Despiteits potential,
exploration of the resultsis an oftenlaborioustask,owingto excessivelyarge and verbosedatasetsoutputby
typical simulationruns. Several approadeshavebeenproposedio analyze classify and simplify sud datato
facilitate an informativevisualizationand deeperundestandingof the underlyingsystemHowever, traditional

methoddeavemud roomfor improvement.

In this article we investigatethe visualizationof large vector elds, departingfrom accustomegbrocessingalgo-
rithmsby castingvector eld simpli cation asa variational partitioning problem.Adoptingan iterative strategy,
we introducethe notion of vector“pr oxies” to minimizethe distortion error of our simpli cation by clustering
the datasetinto multiple best- tting characteristic regions. This error driven approac can be performedwith
respectto varioussimilarity metrics,offering a corvenientsetof tools to designclear and succinctrepresenta-
tions of high dimensionaldatasetsWe illustrate the bene ts of sud tools through visualizationexperimentsof

three-dimensionalector elds.

CategoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.0 [ComputerGraphics]:Flow Visualization

1. Intr oduction

With the continuedadvanceof computerarchitecturesun-
precedentedomputationaprocessingpower is availableto
ary scientistwhoseresearchmay bene t from computer
modelingor simulation.Many disciplineshave adoptedsuch
methodsmotivating sub-branche scienceandengineer
ing; molecularmodelingand computationaluid dynamics
(CFD) are commonexamples.Today computersallow re-
searcherdgo performincreasinglycomplex 3D simulations
using extremely ne grids to captureeven the most sub-
tle of detail. Thesesimulationrunstypically generatemary
gigabytesof data,wherebypost processingand visualiza-
tion becomecritical stepsin the pipeline. The demandfor
tools to analyzeand extract the relevant information from
thesedatasetdhas beenrecognizedand mary approaches
andtechniquegproposed.

Wefocusontherepresentatioof 3D vector elds, achal-
lengingtopicin scienti ¢ visualizationfor which no natural
representatioexists.Unlike geometrycolor, or texture,vec-
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tor elds aredif cult to depictclearly andthuswarrantspe-

cial attentionto develop an intuitive visual understanding:
givenastatic eld, we areconfrontedwith up to six dimen-

sionsof data(positionandafliated vectorin 3D) thatmust

be projectedonto a 2D computerscreenWe begin by re-

viewing the strengthsaandweaknessesf existing visualiza-

tion toolsasa motivationfor ourwork.

1.1. Brief Review of Visualization Techniques

Despitethe fairly recentinvent of computermodelingfor
scienti ¢ purposestheimportanttaskof visual depictionof
ow elds (to corvey, inspectandanalyzetheir contenthas
somehistory, in which afew methodshave becomepopular

Hedgehogand Glyphs Sincean arraw icon is typically
usedto depicta vector a naturalapproacthis to de ne vari-
ousbasepointsin our domainatwhichto samplethe vector

eld, anddisplaytheassociatedrrown icon. Samplesanbe
taken throughoutthe eld andallows usto presenta com-
pleteview of both the magnitudeanddirectionin a single
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Figurel: Variational SgmentationError-drivenclustering
is performedon various ow elds usingthe L * metric for
vectorcomparisonsEad color representsan areain which
bothdirectionandmagnitudeofthe eld is verysimilar, pro-
viding an otherwisehiddeninsightinto the system.

image.Unfortunately locality is a signi cant concernwith
this concept:eachsamplingonly depictsthe ow at a spe-
ci ¢ pointin the eld; subsamplingthe eld will misssmall
yet importantdetails, while increasingthis resolutionwill

leadto a very clutteredvisualization.In [LAK 98], arrow-
headsarereplacedwvith moreadvancedglyphsin attemptto
betterpresenmultivariatedata.

Contraction and Topological Structur e Ratherthanvi-
sualizingvector elds directly, mary have proposedo “con-
tract” the datainto scalarquantitiesthat representalient
characteristicof the eld. Examplesof important physi-
cal featureghatcanbe presentedn this fashionincludethe
magnitudethe divergence or the vorticity of a o w. In the
samevein, the topologicalstructure(critical points,separa-
tion lines—sedGL91]) canbe depictedasavery coarseyet
highly informative representatioof avector eld' s content.

StreamlinesAn alternateapproachde nes eld linesthat
arealwaystangentiato the o w [TB96,SM0Z. Givenavec-
tor eld thatdoesnt varyin time,we couldimaginedropping
aparticleinto the eld ataspeci ¢ pointandtracingits path
asthe ow eld pushesandpulls the particlealongthe di-
rectionof the eld. Streamlineganoftenprovide anelegant
solutionin 2D, but suffer from similar locality problemsas
thearraw plot - apoorplacemendf particlescould missim-
portantdetails,for example;yet, too mary streamlineswill
again causeconfusion.

LIC Line Integral Convolution[CL93] hasbecomeapop-
ularmethodfor o w visualizationin 2D. A texture,typically
animageof randomnoise,is appliedto the vector eld and

pixels of this imageare adwectedalongthe o w andinter
polatedto generatea new image of the noise after being
distortedby the eld. LIC canalsobe usedto depictvec-
tor elds thatarede ned on arbitrarysurfacesembeddedn
3D. In bothcasesresultingimagescapturethe detailsof 2D
o ws extremelywell.

(a) Hedgehog (b) Contraction (c) Streamlines  (d) LIC

Figure2: Populartechniquesof vector eld visualizationap-
pliedto a non-trivial 2D dataset.

Marny of thesevisualizationstratgies have proven ex-
tremely effective on visualizationof 2D ow elds, and
even time varying 2D vector elds. And in [LKD 01], a
mechanismwas presentedo evaluatethe effectivenessof
ary given stratgy. However, noneof thesebasicmethods
translatevell into three-dimensionab w eld visualization.
Simple translationof space lling methodologiessuchas
glyphsor LIC, fail becauseerceptuallythe endviewer re-
quiresopaque3D structuresand reasonablelepth cuesin
orderto discernamongthe layersof databeingdisplayed.
Approachesthat use volume renderingtechniqueson 3D
LIC [RSHTE99 or adwancedstreamsurfaceswith texture
hints(basedn [GIS03) andlighting hints[MTHGO3] have
improved the ef cacy of 3D vectorvisualization,although
thesetechniquegyuickly producedisplaysthat aretoo tax-
ing to comprehendor anything beyond the mostsimple of
o ws. For further generaldiscussionon recentadwances,
pleaseconsult{PVH 02].

1.2. Vector Field Simpli cation through Clustering

A remedyfor reducingtheclutteris to minimizetheamount
of datapresentedo the userwhile corverting that which
is presentednto simple yet descriptve iconic elementsA

commonapproachis to emplgy clusteringof similar con-
tiguous vectorsin order to representarge regions of the
o w by asingle“average”vector This wasusedin [TV99]

andalso [GPR 00]: anextensionthatusesthe CahnHillard

modelof physical-basealusteringaswell asa phasesepa-
ration model.In morerecentwork, [DWO04] usea Voronoi
tessellatiorbasedalgorithmfor clustercreationand mean-
while in [GPR 04] we seethe conceptof algebraicmulti-

gridsto nd stableclustersin 2D and3D. As a signi cant

pitfall, however, theseclusteringschemegenerallyfall short
by concentratingnresultsin 2D, whereothermethodshave
provenmoreeffective.

1.3. Contrib utions

We herebyproposevectorclusteringechniquébasednK-

meangby extendingthe work of [DWO04], which is not only
efcient and stable,but can also usedifferent, physically-
basedmetricsin orderto provide a meaningfulsegmenta-
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tion of the input vector eld; we explore distancemetrics
basedon direction,gradient,curl, anddivergenceto offer a
wide rangeof tools applicableto variousvector visualiza-
tion goalsin 2D and3D. After demonstratinghe ef ciency
of this new techniquewe useit as a basisfor visualizing
turbulentvector elds.

2. Variational Segmentation

To departfrom mostof thetraditionalmethodsye castsuch
ow eld datamining asavariational partitioningproblem.
Given a large, verbosedatasetour approachendeaors to
clustertogetherareasf the eld with low “entrogy": ideally
“similar” vectorsare groupedtogetherbecausehe relative
importancethat eachindividual vector carrieswith respect
to theentire eld is very low. By simplifying a vector eld
into severalregions,a global distortionerror canbe de ned
andanattemptmadeat minimizing this quantityby applying
aniterative strateyy thatproducedocally optimal partitions.
The entire sggmentationprocessas we describeit next is
directlyinspiredby [CSADO04 which providesa deepedis-
cussiorof all thestepsnvolved,but in thecontext of geome-
try insteadof vector elds; we stronglyrecommendeferring
to this paperfor furtherexplanation.

2.1. Input Data and Concepts

Discrete Vector Fields Our algorithmis applicableto dis-
crete vector elds: computers—beingnachinesof nite
precision—arenherentlymoresuitedto discretedatarather
than continuousrepresentationdn the discretesetting, a
meshdelimits the surfaceor volumein which a vector eld
is de ned. For eachprimal elementof this mesh(triangle
in 2D, tetrahedrorin 3D), thereexists an associatedector
- this type of datais known as a piecavise constant eld
sincethe ow eld is considerecconstantwithin eachpri-
mal element.lt is this geometry(and associatedeld) that
we attemptto simplify throughclustering.

K-partitioning Theideaof clusteringvectorsof a ow

eld into apartitionhasalreadybeenusedmary timesin sci-
enti ¢ visualization[TV99, GPR 00]. We entertaintheidea
that an approximatingvectoris essentiallya surrogate lin-

earapproximantor a setof originally groupedvectorsthat
sharesimilarcharacteristicdn this contet, clusteringavec-
tor eld into apartitionwith k regionsappearso beanatural
way to efciently resampleour data.Eachregion R; of a
partitionR canthenbe summarizedy an“average”vector
proxyV; (aveiage with respecto a givendistortionmetric).
Traditionallythepartitioningis achievzedin agreedyfashion,
andalthoughwe baseourapproximatioron partitioningtoo,
we will seein the following sectionsthat our methoditera-
tively seeksa partition that bestrepresentdhe dataset this
variationalnaturewill make theresultsmorestriking dueto
their nearoptimalqualities.
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2.2. De ning Local Distortion Measures

Now that we have a representate vector proxy for each
region of the mesh,a distortionerroris de ned that deter
mineshow closethe simpli cation is to our original ow
eld datasetTo nd theerrorof aninitial input vector we
simply compareit with its newly associatedepresentatie
vectorproxyV; andcheckthelocal deviation from this aver-
age,i.e., thelocal distortion. Thusby integratingthe distor
tion errorbetweeneachvectorin aregion R andits vector
proxyV; (i.e., by summingthe differencebetweena vector
andits associategroxy andweightingthe errorproportion-
ally to the area(in 2D) or the volume (in 3D) of its primal
element) we obtainthetotal errorin agivenregionR j. We
canthencomputeaglobalerrorfor thewholevector eld by
addingtogetherthe total distortion of every region R;. Let
ushow putit in mathematicalerms:givenanerrormetricg,
adesiredhumberof proxiesk, andaninputmeshM, we call
the optimal vector proxiesa setV of proxiesV; associated
with theregionsR ; of apartitionR of M thatminimizesthe
total distortion:
ER:V)= & E(RiiV) (1)
i=1:k
If we considewusingL > asourerrormetrick, theL? error
of a vector proxy V; andthe associatedegion R; is sim-

ply the distanceof the vectorsandtheir representatie, inte-
gratedover thevolume(or surface)of theregion:

E, 2(Ri;Vi) = kv(x) Vik?dx )

X2R

In adiscreteamplementationwe computethelL * errorof a
region asthe sumof distortionshetweerall primal elements
R 2 R; (with volumejP,j andvectorv;) andtherepresenting
vectorproxy:

E 2(RiV)= & kvi VikiRj 3)
i2R |

Now for aregion R, the optimal vectorproxyV; is sim-
ply (&p2r ;JRJVi)=T whereT is the total 3D volume (or
areain 2D) of theregion. Usingthis distancemetricto drive
the iterative partition optimization(detailedin Section2.4),
we obsere physically relevant partitionssuchas shovn in

Figurel.

2.3. De ning Higher-Order Measures

To compute rst-order-metric clustering basedon diver-
gence gradient,or curl, we mustcalculatethesequantities
for eachprimal elementP. Generalizinghe distortionmea-
suresspeci edin Section2.2, we considerrst-order metrics
over piecavise-linearvector elds (ratherthan piecavise-
constant).In this setting, ow is de ned at eachvertex in
our mesh,andthereforethe div, gradand curl will be con-
stantper primal elementP. At a given pointx, our ow f
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(a) VectorField) (b) Directionality clustering

(c) Gradienttensorclustering (d) Vorticity clustering

Figure 3: Application of various distortion metrics, 100
proxies.

is aninterpolationof the eld de ned by the verticesof the
encompassinglement:

f9=afif )

with f; beingthe pieceavise-linearbasisfunctionvaluedl

atnodex;, and0 atall othernodesof P, andf; beingthevalue

of f atnodex;. Duetothelocal supporof thebasisfunctions

fi, thevalueof f within a tetrahedrorwhich is de ned by

(Xiy s Xips Xigs Xig) isSimply: f = £ i + i, f, + i, fi, + i, fi,.
I f=1

f,=0
Figure4: Basisfunctions:Value of f; over a tetrahedon is
shownvia thecolor gradient.Thevectorr f; haslengthl=h
whee his the heightof thetetrahedon frombasefaceF.
Noticethatr f; is nothingmorethanthe vectororthog-
onal to the face oppositeto i, F in the direction of i,
wherejr fij = (3 jPj)5Fj. The directionof r f; is eas-
ily found as the crossproductof two edgesof F. In 2D,
the sameconceptsapply: F is replacedwith an edgeé and
ir fij = (2 jPj)=i§. Having computedr f;, we are now
ableto calculatethe gradientof f (r f), or its divegence
(r f),oritscurl(r f)veryeasily;pleaseeferto [PP0OQ
and[TLHDO3] for details.Finally, we canstoretheregional

(volume weighted) meanvaluesof thesequantitiesin the

vectorproxy for usein partitioning,the errorsheingde ned

in a similar fashionto that of E 2 in Equation2. Note that
thesezerothand rst order metricsfor vector comparison
in 2D and 3D are a useful extensionto the metric de ned

in [DWO04]: notonly do they allow physically-relezantclus-

tering, but they alsopermithigherorderclustering.Cluster

ing togethervectorswith similar curl componentdo natu-
rally detectvorticiesandeddiesis possible asis comparing
divergencewhich allows us to point out sourcesand sinks.
Figure 3 illustrateshow a single dataseimay look through
thesedifferentmetrics.The potentialfor any varietyof other
metricsexist, wherenecessary

2.4. K-Means Algorithm for Discrete Vectors
Distortion-dri ven Flooding The procedureto build a k-
partition—connectedand non-overlapping k regions—of
our input meshis straightforvardly achiezed through a
rapid ooding procesghat makeslocally optimal decisions
in an attemptto reduceour global distortion, as de ned
in [CSADO04. To bootstrapthe processwe pick k random
seedelementsn our meshandfor each;we assigna vec-
tor proxy de ned by this seeds vectordata. Then,for each
seedwe addits neighborgo a priority queue whereprior-
ity is givento neighborghathave the lowestdistortionwith
respectto the seeds proxy. As we remove elementsfrom
the queuewe assignthatelementto its vectorproxy of low
distortionandthen continueby addingits neighborsto the
gueuein arecursve fashionuntil all elementdhave beenas-
signedto aregion.

Optimizing the Partition The K-meansalgorithm (or
morepreciselytheLloyd'sclusteringalgorithm)canthenbe
applied—adeterministicand x ed point iterationthat pro-
videsnearoptimal clusteringfor a surfacewe wish to split
into k regions.Conceptuallytheideais simple:afterde n-
ing k randomcentersall the datapointson the surfaceare
partitionedinto k regionsby assigningeachpointto its near
estcenter Then,the algorithmupdateghe centergo bethe
centroidsof their associatedegions before startinga new
partitionwith thesenew centersThisprocesss repeatedin-
til a stoppingcriterionis met. It is easyto understandow
this generalizedrameavork canbe appliedto our distortion
minimizationproblem:in thissetting thecentersorrespond
to ourvectorproxiesandthesurfacewewishto partitioncor
respondsvith ourmesh Onceour meshhasbeenpartitioned
throughthe ooding mechanismwe updateour vectorprox-
iesby takingthenew “average”in theassociatedegion,and
repeathesetwo stepsuntil our partitioncornverges,seefFig-
ure 6. It canbe proven [CSADO4 that suchan algorithm
aimsat minimizing our globaldistortionerror E - the ood-
ing stageminimizesk for a x edsetof vectorproxieswhile

theproxy tting stageminimizeskE for a x edsetof regions.
PossibleExtensionsThebasictechniquepresenteéh this

paperis simpleto extend in variousways. First, repeated
subclusterindi.e.,clusteringwithin eachcluster)canbeper
formedto provide a versatile,hierarchicalclusteringof ar
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Figure5: Pipelinefor visualizinga cylinderdataseduringimpactundernon-slipconditions,100ktetraheda. Left: Variational
segmentationinto 200 regions. Middle-Left: Explodedview of the cluster volumesMiddle-Right: Steamlinesinitiated from
the centoid of ead cluster terminatedat the region boundary Right: Thinningtubesdrawn throughthe entire domainwhile
adheringto a distancethreshold We useorthogonalshadowsprojectedon the baseplanesfor added3D cues.

(@) vectorField (D) Initial ooding  (C) 1stiteration (d) 1othiteration

Figure6: Lloyd's algorithmis appliedto quidkly drive down
thedistortionerror. Throughiterative partitioningandproxy
tting , theclusteringconvergesin justa few steps.

bitrary elds. Secondthe metric canbe easilyaltered:one
especiallyusefulmetricfor visualizationis aweightedcom-
binationbetweerthegradientensometricanda spatialpo-
sition metric.But morephysically-drivenmetricchoicescan
alsobemade.

3. Resultsand Discussion

We have testedour variationalsegmentationtechniqueex-

tensiely on vector elds varyingfrom analytic,coarsegrid

testcasego large,noisy ow elds with tensof thousandef

samplepointsonirregulargrids.In all casesve obtainvery
naturalsegmentationsgspeciallywhenincorporatingproxy
teleportationfCSADO4 to eject proxiesfrom sub-optimal
local minima. Applying the variationalmechanismnto dif-

ferentmetricsallows us to extract new and insightful per

spectvesfrom ary ow eld—Figures5 and8, 9 shaw this
machineryin action.

The frameawork presentecheregives us much spacefor
furtherexplorationanddevelopmentsln particular we must
now derive a meaningfulvisualizationfrom our segmenta-
tion. In otherwords,now that we have simpli ed the eld
into k regions, we have to presentthis datain a construc-
tive mannethatwill generate greatemunderstandingf the
underlying o w for scienti c researchers.

The naive approactof shaving a hedgehogerregion is
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both clutteredand unintuitive. Previous work on clustering

hasrelied on slightly more advancedrepresentationsuch

ascurved arrons, analogoudo shadedstreamlineswith an

icon at the front of the curve to represento w directional-

ity. But arrovheadsspeci cally, areextremelystrongvisual

elementswhich garnerfocus away from the more subtly

curvedstreamlinesThisis avery undesirablesideeffectbe-

causethe curve is wheremostof the informationaboutthe

movementof the o w is presentedCorversely streamlines
alone (without an arravhead)fail to indicatethe direction

of the o w, whichis ratherimportantwhenpredictingparti-

clemovementaswell asto distinguishbetweersingularities
suchassourcesandsinks.

3.1. Visualization thr ough Streamlines

As suggestedby Figure 3(c), the rst-order gradienttensor
metric providesan elegantmechanismo home-inon singu-
larities and active areasin the data,thereforeservingasan
excellentfoundationfor visualizationpurposesOne possi-
ble strateyy for this (similarto [JL97]) is presentedbelow:

Having obtainedthe representatie clusterswe usethese
for the placemenbf streamlinesFor eachregionin the par
tition, we initiate a streamlinefrom the barycenterof the
clusterandintegrate backwardsand forwardsover the en-
tire vector eld usinga standardRunge-Kitta scheme.To
ensurean attractve distribution of streamlinesfor the vi-
sualization,a Euclideandistancethresholdt is introduced.
We tracethe streamlinesn ascendingorder of the associ-
atedclusters volume, andif at ary time this trace comes
sufciently closeto anythingthathaspreviously beendravn
(within distance), thestreamlingraceis terminatecandwe
proceedo the next seed.

3.2. Thinning Tubes
For anelegantdisplayof theresultantstreamlinesye intro-

ducethe use of thinning tubes—generalizingrom [JL97]
and [TB96]. Thinning tubes are tubes of nite volume,
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Figure7: Theeffectsof anincreasingstreamlinedistancethreshold.

wherebythe radiusof the tube's circular crosssectionlin-

earlyincreasesn the directionof the vector eld. The ad-
vantageof thinning tubesover regular streamlinesor ow

ribbonsis that the varying girth indicatesthe direction of

o w; anddoessoin anunobtrusve mannerthatdoesnt de-
tract visual focus from the subtle pathsof the o w. More-
over, as3D objects,thinning tubesrenderwell underbasic
specularitysupportinglight models,thusincreasinghe 3D

information—3Dcues—presentetd theresearcher

Given a streamlines of lengthl, for any point on s that
hasa distanced alongthe curve to the front of the stream-
line, we computetheradiusr(d) of thethinningtube's cross
sectionat thatpointto ber(d) = k ((I d)=l)). Thefront
of thethinningtubewill thereforehave aradiusk, andin our
implementatiork is alsodirectly correlatedwith the length
of the streamlineThis helpsto achieve avisualbalancethat
emphasize®ngerstreamlines.

Notethatthinningtubeshave the potentialfor mary vari-
ations.We canfurther manipulatethemto resembleartistic
brushstroles,or to supplyadditionalinformation- in partic-
ular we could indicatethe magnitudeof the vector eld by
varying the girth of the tube,or varyingits color asit inte-
gratesthe eld.

3.3. Conclusionand Future Work
Consideringhegeneralizedramevork of Lloyd'salgorithm
andits easeof implementationpur methodquickly paves
theroadfor numerousenhancementsn particular consider
avector eld thatis not static,but variesover time. Extend-
ing our notion of a vectorproxy, a 4D approximation(3D
+ time) usinga space-timametric canbe constructedo ef-
fectively make the bestof bothspatialandtemporalcompo-
nents:variationalmotion segmentationcould reveal itself a
powerful visualizationtool.
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