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Figure 1: Screenshots from interactive visualization of an unstructured 275Mb mesh with more than 5 million tetrahedra and 13 �eld values.
Our method is the �rst to guarantee real-time performance regardlessof rendering hardware (here a P4 1.7GHz, Radeon 8700) and size of the
unstructured tetrahedral mesh. Images show real-time volumetric clipping by CSG intersection with a sphere probe (left), cutting plane (t wo
center) and a box probe (right).

ABSTRACT

Wepresentanovel approachto interactivevisualizationandexplo-
rationof largeunstructuredtetrahedralmeshes.Thesemassive 3D
meshesareusedin mission-criticalCFD andstructuralmechanics
simulations,andtypically samplemultiple �eld valueson several
millions of unstructuredgrid points.Our methodrelieson thepre-
processingof the tetrahedralmeshto partition it into non-convex
boundariesand internal fragmentsthat are subsequentlyencoded
into compressedmulti-resolutiondatarepresentations.Thesecom-
pacthierarchicaldatastructuresare thenadaptively renderedand
probedin real-timeonacommodityPC.Ourpoint-basedrendering
algorithm,whichis inspiredbyQSplat,employsasimplebuthighly
ef�cient splattingtechniquethatguaranteesinteractive frame-rates
regardlessof the sizeof the input meshandthe available render-
ing hardware. It furthermoreallows for real-timeprobing of the
volumetricdata-setthroughconstructivesolidgeometryoperations
aswell asinteractive editing of color transferfunctionsfor an ar-
bitrary numberof �eld values. Thus, the presentedvisualization
techniqueallows end-usersfor the�rst time to interactively render
andexploreverylargeunstructuredtetrahedralmeshesonrelatively
inexpensivehardware.
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1 I NTRODUCTI ON

A well studiedandyetprevailing problemin scienti�c visualization
is theinteractive renderingandexplorationof large-scalevolumet-
ric datasets.Most of this work hasbeendevotedto volumerender-
ing of large structured(i.e. regular) andoften uniformly sampled
3D data-setswith trivial convex boundaries.This is asimpleconse-
quenceof thefact thatstructuredvolumetricdata-setsaretheones
mosttypically encounteredin scienti�c visualization.However, the
advancesof computationalmulti-resolutiontechniquescombined
with the ever increasingspeedsof computinghardwarehave cre-
ateda growing needfor new interactive visualizationtechniques
for unstructured(i.e. irregular)volumetricdata-sets.

In thispaperwefocusonanew real-timevisualizationtechnique
for large unstructuredtetrahedralmesheswith multi-dimensional
�eld valuesandnon-convex boundaries.Theproposedmethodren-
dersthemassivevolumetricdataasopaquesurfaceswith CSGcuts.
This work shouldnot beviewedasanalternative to thelargebody
of work on translucentrenderingtechniquesfor regulargrids.

Our visualizationframework, dubbedTetSplat to acknowledge
it' s sourceof inspiration(QSplat),wasdevelopedasan invaluable
tool for scientistsat Caltech's “ASCI/ASAPCenterfor Simulation
of theDynamicResponseof Material”. The focusof the research
at this centeris the studyof propagating shock-wavesacrosstar-
getmaterialsinsideanexplodingvirtual cannister, usinglarge-scale
coupledcomputational�uid dynamics(CFD) andsolid mechanics
computations.The resultof thesesimulatedexplosionsareoften
very largeunstructuredtetrahedralmesheswith multiple �eld val-
ues(like density, pressure,temperatureetc) which simply cannot
bedirectly renderedin real-timefor fastinspectionandvalidation.
As suchthe work presentedin this papergrew out of a real need
for a �e xible visualizationtool thatcanrunat interactivespeedson
inexpensivePCs.Few commercialor opensourceproductsexist to-
day for renderingof large tetrahedralmeshes(e.g. EnSightTMand
ParaView), but they requirevery expensive visualizationhardware
(likesharedmemorysupercomputers)to achieveinteractivespeeds.

Our approachis to usea combinationof pre-processingwith
lossycompressionto build up compacthierarchicaldatastructures
andfastpoint-basedrenderingwith adaptive resolutionto guaran-
teereal-timeperformanceregardlessof thesizeof the input mesh



andthe availablerenderinghardware. This approachallows us to
make maximumuseof our limited hardwareresources.The pre-
processingcaneitherbeperformedin parallelonthecomputational
CPUnodesthateachstoreafragmentof thelargetetrahedralmesh,
or alternatively onasinglehigh-endworkstation.Thevisualization
on the otherhandcanbe performedon a desktop,or even laptop,
with or withoutdedicatedgraphicshardware.

1.1 Previouswork

To the bestof our knowledgethereis no previous work that can
claimreal-timeperformancefor multi-resolutionrenderingandvol-
umetricclipping of large unstructuredtetrahedralmeshes.Hence,
relevant previous work is limited to publicationson very different
approachesto visualizing tetrahedralmeshesas well as selected
work on real-timetechniquesfor renderinglarge surfacemeshes.
In fact,thepreviouswork mostrelatedto ours(seebelow) hasvery
little, if anything, to do with visualizationof tetrahedralmeshes
sincethey describereal-timetechniquesdevelopedfor 2D meshes.

ForemostTetSplatis basedon theexcellentwork by [18] which
describearelatively simplebut extremelyef�cient point-basedren-
deringtechniquefor real-timevisualizationof largesurfacemeshes.
Their method(QSplat)pre-computesa compacthierarchicaldata
structurefrom theinput meshwhich cansubsequentlyberendered
in real-timeby adaptive point splatting.Speci�cally they usea hi-
erarchy of boundingspheres[17, 2] andnormalcones[20] to allow
for fastvisibility culling and level-of-detailcontrol whentravers-
ing anunbalancedquad-treethatservesasthemulti-resolutiondata
representationof thesurfacemesh.However it shouldbenotedthat
the ideaof usingpointsfor surfacerendering[16, 13] andvolume
renderingby splatting[15]predatesQSplat.

TetSplatis alsoinspiredby therecentwork of [1] on interactive
booleanoperationsbetweenclosedsurfacesrepresentedwith sur-
fels (i.e. orientedpoints). They usebalanced(i.e. regular) octrees
of thesurfelsto performfastconstructive solid geometry[7](CSG)
operations.They alsoemploy asimplebut clever re-samplingtech-
nique to improve the renderingof surfels along the intersection
curve.

In the past few years there have been several graphics re-
latedpublicationsusingtetrahedralmeshes,but mostof this work
dealswith incrementalmeshsimpli�cation[12, 21, 4] and multi-
resolutionmodeling[22, 10] using regular tetrahedralmeshes.In
fact, [5] statesthat theredoesnot seemto be any work on multi-
resolutionvisualizationof unstructuredtetrahedralmeshespub-
lishedprior to their recentpublication.As they point out it is dif�-
cult, if not impossible,to generalizetechniquesdevelopedspeci�-
cally for structuredmeshesto unstructuredtetrahedralmeshesdue
to non-convex boundariesandvaryingsizesof gridscellsin thelat-
ter. [5] describesiso-surfacemeshextractionfrom acompactmulti-
resolutiondatastructureof moderatelysizedunstructuredtetrahe-
dralmeshesbuilt throughedgecollapses[4].

1.2 Contrib utions

We presenta novel techniquefor interactive visualizationof large
unstructuredtetrahedralmeshes.The featuresandbene�ts of our
visualizationframework (dubbedTetSplat) canbesummarizedas:

� Real-timerenderingof unstructured tetrahedralmeshesre-
gardlessof sizeandtheavailablecomputingresources.

� Pre-processingof tetrahedralmeshto partitionit into compact
hierarchicaldatastructuresof non-convex boundariesandin-
ternalfragments.

� Real-timevolumetricclipping by meansof CSGculling dur-
ing traversalandrenderingof compacthierarchicaldatastruc-
tures.

� Interactive editingof color transferfunctionsfor anarbitrary
numberof �eld values.

This work standsapartfrom previouswork in severalways. None
of themethodsdiscussedin theprevioussectionarecapableof real-
time renderingof largeunstructuredtetrahedralmeshes.However
we would like to stressthat the approachpresentedin this paper
is not intendedasa replacementof all visualizationtechniquesde-
velopedfor moderatelysizedand/orstructuredtetrahedralmeshes.
The interactive techniquesmentionedin theprevioussectionwere
explicitly developedfor real-timerenderingandclippingof 2D sur-
face.As suchourwork canbeviewedasa3D extensionof someof
theideaspresentedin [18] and[1]. Speci�cally thesetechnicalex-
tensionsincludedifferentdatastructuresoptimizedfor the3D mesh
andreal-timerenderingwith new featuressuchasCSGculling with
adaptive resolutionof intersectionsandinteractive color-mapping
of multiple �eld values.

2 PRE-PROCESSI NG OF THE TETRAHEDRAL M ESH

The �rst stageof our visualizationpipeline is the off-line pre-
processingof the large tetrahedralmeshto constructa compact
multi-resolutiondatastructurethatcanef�ciently berenderedand
clippedin real-time. This pre-processingin turn consistsof three
logicalsteps.Firstwepartitiontheinput tetrahedralmeshinto non-
convex boundariesandinterior parts.Throughouttheremainingof
this paperwe shall refer to thesepartsrespectively as the Shell
andtheSolid . Next weusethisShell andSolid to derivecorre-
spondingleaf nodesthatare�nally combinedin two distincthier-
archicaltreestructuresto form themulti-resolutiondatarepresen-
tations.Thesubsequentsectionsdescribethedetailsof thesethree
stepsof thepre-processing.

2.1 Partitioning the Input Mesh into the Shell and the Solid

Since we plan to use an adaptive renderingtechniquebasedon
splattingof opaquehierarchicalboundingsphereswearefacedwith
two fundamentalissues.The �rst one is how to derive bounding
spheresandnormalinformationfrom the tetrahedralmesh,which
is the topic of thenext section.Thesecondissue,andequallyim-
portant,is how to ef�ciently constructcompactdatastructuresfrom
theseboundingspheresthat canbe interactively renderedat a de-
centquality, while alsoallowing for clipping usinga virtual CSG
probe. Part of the key to resolvingthis problemcomesfrom the
basicbut crucialpremisethatwe arerenderingopaquesurfacesas
derivedfrom topologicallydistinctive partsof theinput mesh.The
non-convex boundaryof the tetrahedralmeshcanbe treatedasa
simple triangulatedsurfacemeshwith normalsandmultiple �eld
valuesde�nedattheassociatedvertices.However, theinteriorparts
of theinputmeshwill only bevisibleonthesurfaceof theintersect-
ing CSGprobe. Consequently, normalinformationneededfor the
shadingof theinteriorshouldbederivedfrom theCSGprobeitself
andnot from the tetrahedralmesh. The correspondingdatastruc-
ture for the 3D interior meshshouldalso re�ect the fact that the
topology is very different from the 2D boundarymesh. This all
suggeststhat we �rst partition the tetrahedralmeshinto a Shell
anda Solid , as is describedin Algorithm 1. Note that in order
to facilitatea betterrenderingof theCSGintersectionbetweenthe
Shell andthe Solid we alsoderive extra informationindicating
whethera particulartetrahedronor trianglein theSolid is located
in theimmediateproximity of theShell boundary.
2.2 Deriving leaf nodesfr om the Shell and Solid

In orderto constructhierarchicaltreestructuresfor real-timeren-
deringandclippingof theShell andSolid , asde�nedin theprevi-
oussection,wehavetoderivetheleafnodesfromthecorresponding
sub-meshes.Sincethetreestructureswill bebasedon hierarchical
boundingspheres,weclearlyneedtode�ne acenterandaradiusfor



foreach(tetrahedra Tetk) do
Triki  extractfour trianglesfrom Tetk;
Tri [4� k+ i]  sortindexesin vertex list of Triki ;

end
SortTri accordingto theindexedvertex list of eachtriangle;
foreach(triangleTriki 2 Tri ) do

Triki  Tri [n];
if (vertex list of Triki = vertex list of Tri [n+ 1]) then

Triki 2 Solid ;

else
Triki 2 Shell ;
Tetk is aboundarytetrahedron;

end
end
foreach(triangleTriki 2 Solid ) do

if (Tetk is a boundarytetrahedron) then
Triki is aboundarytrianglein theSolid ;

else
Triki is aninternaltrianglein theSolid ;

end
end

Algorithm 1: Pseudo-codefor thepartitioningof theinputtetra-
hedralmeshinto a triangularsurfacemeshcalledtheShell and
triangularsolid meshcalled the Solid . Tri is an array of all
trianglesderivedfrom thetetrahedralmesh.

eachleafnodein additionto storingall �eld valuesof interest.It is
especiallyimportantto assignpropervaluesfor theradiusin order
to avoid holesduring rendering.Additionally, for the Shell leaf
nodeswe needto de�ne normalvectors. Below we shall present
differentstrategiesto deriving this informationfrom theShell and
Solid .

Tetrahedra: For theSolid partof thetetrahedralmeshthe�rst
obvious choiceof a geometricprimitive from which to derive the
leaf nodesis of coursethe individual tetrahedra.The centerand
radiusof the correspondingboundingspherecan then simply be
de�ned asthecircum-centerandcircum-radiusof thetetrahedra.If
a, b, c andd denotethecoordinatesin Â 3 of thefour verticesof a
tetrahedronthecircum-centerrelativeto vertex a is givenby [19]

mtet =
jd � aj2A(b;c) + jc� aj2A(d;b) + jb � aj2A(c;d)
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; (1)

wherewehave introducedthefollowing compactvectornotation

A(u;v) = (u � a) � (v � a) (2)

andwherefor any vectoru, [u]k denotesthe kth component.The
circum-radiusis thensimply givenby jmtet j andtheabsolutecoor-
dinatesof the circum-centerarea+ mtet . SinceEq. (1) is purely
a functionof differencesbetweencoordinatestherelative error in-
curredin the numericalcomputationis not in�uenced by the ab-
solute coordinatesof the vertices. This is clearly an advantage
sincethe verticesareusuallynearerto eachotherthanto the ori-
gin. Eq. (1) is only unstableif the denominatoris closeto zero
which arisesif thetetrahedronis nearlydegenerate(i.e. �at or nee-
dle shaped).Whereasit is temptingto simply usemoreadvanced
andstablealgorithmsto computethedeterminant[8], thatdoesn't

1) Needle 2) 3)

(a)Degeneratetetrahedrawithout largedihedralangles- socallednee-
dles- areremovedby collapsingtheshortestedges.

3)1) Spindle 2)

(b) Degeneratetetrahedrawith a singlelargedihedralangle- socalled
spindles- areremovedby splitting theedgeoppositeto thelargeangle
andthencollapsingtheshortestedges.

2)1) Sliver 3)

(c) Degeneratetetrahedrawith two large dihedralangles- so called
slivers- areremovedby introducinga new vertex thatsubdividesboth
edgescontainingthe large anglesand then collapsingthe resulting
shortestedge.

2) 3)1) Cap

(d) Degeneratetetrahedrawith threelarge dihedralangles- so called
caps- areremovedby introducinga new vertex in thefaceoppositeto
thethreeanglesandthencollapsingtheresultingshortestedge.

Figure 2: Recipes for collapsing degeneratetetrahedra characterized
by the number of large dihedral angles (circular magenta arrows).
New edgesand vertices are colored green and short edges that are
collapsedare colored red.

really addressthefact thatcircum-spheresaregenerallynot a very
meaningfulchoiceof boundingprimitive for long or �at degener-
ate tetrahedra.A betterstrategy in our implementationis simply
to remove the degeneratetetrahedraall together. This is primar-
ily motivatedby thefactthatdegeneratetetrahedrahaveverysmall
volumescomparedto theirneighboringnon-degeneratecells.Con-
sequentlyremoving adegeneratetetrahedraby collapsingit into its
neighborswill introduceverysmallchangesin the�nal point-based
rendering.

The degeneracy of the tetrahedrais quanti�ed by their aspect
ratio which is de�ned astheminimumheightdividedby themaxi-
mumedgelength. Degeneratetetrahedracanbeclassi�ed accord-
ing to their shapeas measuredby the numbersof large dihedral
anglesit contains. This leadsto four characteristicshapescalled
needles,spindles,slivers,andcaps.Our strategy is to collapsede-
generatetetrahedraby asimpleseriesof edgesplitsandremovalsas
describedin �gure 2(a) to 2(d). To ensureconsistency it is recom-
mendedto collapsethedegeneratetetrahedrafrom the input mesh
beforeit is partitionedinto theShell andSolid .

Sincetetrahedraareonly presentin the Solid the normalvec-



tors of the correspondingsplatswill be derived directly from the
CSGintersections.Thedataattributeson theotherhandareread-
ily de�ned asaveragesof the valuesde�ned at the corresponding
verticesof thetetrahedra.

Triangles: For the Shell andSolid , we canalternatively use
the trianglesasthegeometricprimitivesfrom which to derive leaf
nodes.If a, b andc denotethecoordinatesin Â 3 of the threever-
ticesof a trianglethecircum-centerrelativeto vertex a canconve-
nientlybeexpressedas[19]

mtri =
jc� aj2A(b;c) � (b � a) + jb � aj2(c� a) � A(b;c)

2jA(b;c)j2
; (3)

wherewe have usedthe compactvectornotationin Eq. (2). The
circum-radiusis simply given by jmtri j and the absolutecoordi-
natesfor thecircum-centerarea+ mtri . Note thatEq. (3) hasthe
samenumericalcharacteristicsasEq. (1). It is alsoexpressedin
differencesof coordinatesrather than the absolutevalueswhich
canpotentiallybe very small, and the denominatoralsovanishes
whenthe trianglesareneardegenerate(i.e. verticesareco-linear).
Whereasthereexist severalmethodsfor eliminatingdegeneratetri-
anglesfrom surfacemeshes[3], asimplerandmoreconsistentstrat-
egy in our caseis �rst to collapseall degeneratetetrahedra,using
theproceduredescribedabove,andthenextractnon-degeneratetri-
anglesfrom that. For any remainingobtusetriangleswe found
it suf�cient to approximatethe circum-centerby the midpoint of
the longestedgeand the correspondingcircum-radiusashalf the
length.

Theorientationof splatsderivedfrom trianglesis obviously triv-
ial if we usethe normal vector of the triangle face,and dataat-
tributescansimply bede�ned asaveragesof thevaluesat thever-
tices.

Vertices: As a last alternative we canderive the leaf nodesdi-
rectly from the verticesof the meshwhich is the strategy used
in QSplat[18]. The centerand �eld valuesof the corresponding
boundingspheresaresimply given by the coordinateanddataat-
tributesof the vertices. However, unlike for tetrahedraandtrian-
gles thereis no intuitive anduniqueway to de�ne the radiusdi-
rectly from theverticessincethey containnotopologyinformation.
Clearly, to avoid holesduring renderingthe radiusmustbe large
enoughthat boundingspherestouchwhenthe correspondingver-
ticesareconnectedby an edge. This suggeststhat we may sim-
ply usethetopologyinformationfrom thesurroundingtrianglesor
tetrahedrato ensureoverlappingsplats. Consequentlywe canfor
examplede�ne theradiusto bethemaximumof thecircum-radius
of the trianglesor tetrahedratouchingthe vertex, wherethe latter
is muchmoreconservative thanthe former. Likewise the normal
vectorsfor theShell canbeexpressedasa normalizedaverageto
thefacenormalsfor theadjacenttriangles.

2.3 Data-structuresfor the Shell and Solid

Having derivedleaf nodesfrom theShell andSolid thelaststep
in thepre-processinginvolve theactualconstructionof compacthi-
erarchicaltreestructuresthatcanbemappedto a �lesystemfor ef-
�cient andadaptive traversalduringthereal-timerendering.Since
we plan to employ compressionbasedon both hierarchicaldelta
encoding1andquantizationwe will �rst needto build up the tree
structuresfrom the “raw uncompressed”leaf nodes. In the orig-
inal implementationof QSplatthis tree structurewas actuallyan
unbalancedquadtree2, i.e. a hierarchicaltreeof boundingspheres
with branchingfactorsequal to 2,3 or 4. This seemsjusti�able

1Encodingbasedon relativevaluesratherthenabsoluteones.
2Throughoutthis paper we use the (nonstandard)terms unbalanced

quadtreeandunbalancedoctreeto denotetreeswherethedegreesof internal
nodescanvary from two to respectively four or eight.

whendealingwith triangulated2-manifoldmeshes,like theShell .
However theSolid is in facta triangulated3-manifoldwhich sug-
gestthatanunbalancedoctreeis a muchbetterchoice.As will be
demonstratedlater this leadsto bothmorecompactdatastructures
aswell as fastertree-traversaltimeswhencomparedto an unbal-
ancedquadtreefor the Solid . The reasonis obviously that the
averagebranchingfactor increaseswhich reducesthe numberof
interiornodesandhencethecorrespondingmemoryfootprint.

SolidNode � SolidTree::BuildTree(int i1, int i2)
f

if (i2 - i1<=8) return Merge(i1,i2); // merge leafs
int N=0, I[]= f i1,-1,-1,-1,Split(i1,i2),-1,-1,-1,i2 g;
Branch : if (I[4+N]-I[N]>8) f // left: N=0, right: N=4

I[2+N] = Split(I[N],I[4+N]);
if (I[2+N]-I[ N]>8) I[1+N]=Split(I[ N],I[2+N]);
if (I[4+N]-I[2+N]>8) I[3+N]=Split(I[2+N],I[4+N]);

g
if ((N+=4)==4) goto Branch;
list<SolidNode � > new nodes;
for (int i=1, first=I[0]; i<=8; ++i) f

if (I[i]==-1) continue;
new nodes.push back(BuildTree(first,I[i])); // recursive
first=I[i];

g
return Merge(new nodes); // merge new nodes

g

Algorithm 2: Actual C++ codethat implementsthebottom-up
recursive constructionof the unbalancedoctreeof the Solid .
The Merge function returnsa new SolidNode de�ned as the
bounding-sphereof theinputnodes.TheSplit functionbi-sects
thearrayof input leafnodesalongthelongestedgeof thecorre-
spondingaxis-alignedboundingboxandreturnstheindex of the
middleleafnode.

As outlined in Algorithm 2 the unbalancedoctree is build
bottom-upfrom theSolid leaf nodesderived in theprevioussec-
tion. In shortthealgorithmconstructsthetreeby recursively group-
ing theboundingspheresin up to eightclusterswho's differentat-
tributesare thencombinedto form new larger boundingspheres.
The groupingis implementedasa seriesof simplebi-sectionsof
thelongestedgeof thecorrespondingaxis-alignedboundingboxes.
Thespherecenterand�eld valuesassociatedwith eachnew internal
nodearesimpleaveragesof it' s child nodesvalues.The“boundary
label” introducedin Algorithm 1 is combinedusingabinaryor op-
eratorand the radiusis just derived from the boundingsphereof
thechild spheres.TheShell treeis similarly constructedexceptit
is anunbalancedquadtreeof nodeswith additionalnormalvectors,
combinedfrom child nodesby simpleaveraging,andno“boundary
label”.

Once the treesfor the Shell and Solid are build, they are
compressedusing different quantizationschemes.It is relatively
straightforwardto employ a top-down deltaencoded3 of theposi-
tion andradiusof eachnodesincetheassociatesboundingspheres,
by construction,areboundedby the correspondingvaluesfor the
parentsphere.As in [18] we quantizer to 13 discretevaluesof the
parentradiusandthevaluesof x;y;z areexpressedasoffsetsfrom
the parentcenterand quantizedto 13 valuesof the parentdiam-
eter. Of all the possiblecombinationsof thesequantumnumbers
only a subsetactuallysatisfythe conditionof hierarchicalbound-
ing sphereswhichleadsto discretesetsof x;y;z; r valuesthatcanbe
encodedinto a �x edtablewith a13bits lookupindex. To minimize
the numberof pointersrequiredto traversethe treesduring sub-
sequentrenderingeachnodealsoencodesit' s numberof children

3This simply implies that attributesof childrenareencodedrelative to
thevaluesof theirparent.



byte[0] byte[1] byte[2] byte[3] byte[4] byte[5]

Boundary

13
bits

Field value #2

3
bits

Grand children

15
bits

File value #1

1
bit

# of children

15
bits

x, y,
 z, and r

1
bit

= 48 bits

Figure 3: Example of the bit-layout of a single Solid node with en-
coded with two �eld values. This node occupies a total of 48 bits
or 6 bytes. This encodes quantized values of the three spatial coor-
dinates, the radius of the bounding sphere, it's number of children
(max 8), a single bit indicating the presents of grand children, the
two quantized and normalized attributes and �nally a bit identifying
whether its a boundary node or regular node. The byte-ordering is
little-endian (i.e. least-signi�cant byte is stored at the lowest memory
address)and the bit-ordering is such that the most-signi�cant-bit is
stored at the leftmost position within each byte).

using3 bits4 aswell asa singlebit to indicatewhetherall children
of this nodeare leaf nodes. Unlike in QSplatwe do not encode
rgb colorsfor thenodeattributes.Insteadwe wish to allow for the
enduserto interactively edit transferfunctionsassociatedwith each
of themultiple �eld valuesin orderto convenientlyhighlight inter-
estingregionsof the meshduring visualization. To facilitate this
we �rst normalizeeachscalar�eld valueto [0;1] andthenquantize
themusinga lookup table. For the data-setsstudiedin this paper
wefoundthat15bitswassuf�cient to representall therelevant�eld
values. Figure3 shows an exampleof the actualbit-layout of a 6
byteSolid nodewith two �eld values.Ourcurrentimplementation
of thepre-processingallows theuserto selectanarbitrarynumber
of the �eld valueswhich are quantizedand appendedto the bit-
stringillustratedin Figure3 as2 extrabytesper�eld value.Finally
we notethat Shell nodeshave an extra 2 byteswhich hierarchi-
cally encodesthenormalvector(14bits)andwidth of normalcone
(2 bits),see[20, 18].

As thevery laststepof thepre-processingthecompressedhier-
archicaldatastructuresare�ushed out to the�lesystemasa single
binarydatastreams.Weemploy thesamestrategy for the�le layout
asQSplat,meaningthe treesaresaved in breath-�rst orderto best
facilitateafasttop-down multi-resolutionrenderingthatwill bede-
scribedin detail in thenext section.Sincewe useunbalancedtrees
for boththeShell (quadtree)andSolid (octree)pointersneedto
be embeddedinto the datastructuresto allow for fast traversalof
thetrees.This is implementedby insertinga4 byteint pointerfor
eachgroupof parentsto the �rst nodeof the their groupof chil-
dren.Notethattherelativememoryoverheadfrom theinclusionof
theseextra 32 bit pointersis muchlessfor theSolid thenfor the
Shell . ThoughtheSolid is typically severalordersof magnitude
largerthentheShell , theaveragebranchingfactorof theformeris
alsoexpectedto be twice ashigh asfor the latter leadingto fewer
internalnodesandhencepointers.

As a �nal commentto the pre-processingwe emphasizethat
it is readily parallelizedwhen the tetrahedralmeshis partitioned
ontomultiplecomputationalnodes.Eachcpunodesimply runsit' s
own pre-processingof the tetrahedralmeshfragment,followedby
a cleanupprocessto trim away trianglesfrom theShell 's thatare
sharedbetweenthefragmentsandinsteadaddthemto theSolid 's.
Theassignmentof theboundarylabel(seeAlgorithm 1) to thetetra-
hedraandtrianglesin theSolid subsequentlyhasto beupdatedto

4Sincewe useanunbalancedoctreefor theSolid anda branchis ter-
minatedoncea leaf nodeis reachedthe3 bits encodethenumbers0, 2, 3,
4, 5, 6, 7 and8.

beconsistentwith thetrimmedShell . In thevery �nal stepall the
sub-treesfrom multiple fragmentsare merged into single Shell
and Solid treesby combiningthe boundingspheresof the root
nodesof eachfragment.

3 I NTERACTI VE V I SUAL I ZATI ON AL GORI THM S

After the pre-processinghasdumpedthe compressedhierarchical
datastructuresfor respectively theShell andSolid , thetime has
�nally comefor the actualinteractive visualization.To avoid �rst
having to loadin thesedatastructuresinto the(oftenlimited) physi-
calmemoryof thevisualizationCPUnode,weusetheOS-provided
mmapfunction to mapthe �les to virtual memory. The advantage
to this strategy is thatwe make moreef�cient useof theavailable
physicalmemoryby only loadingthepartsof thedatastructurethat
areactuallyrenderedduringthetreetraversals.Additionally, since
both treesarestoredbreath-�rst this progressive loadinggivesus
fastrecursive re�nements.

TraverseTree( inputnode) ;
Global: dr is theminimumregularsplatsizein pixels;
Global: db is theminimumboundarysplatsizein pixels;
if currentframe-rateis too low then

increasedr anddb smoothly;
TraverseTree( rootnode) ;

end
foreachchildrenof theinputnodedo

if child doesn't passculling teststhen ignorethischild;
S screensizeof boundingsphereof child;
if child is a leafnodethen

renderchild asasplatof sizeSpixels;

elseif child is a regular nodeand S< dr then
renderchild asasplatof sizedr pixels;

elseif child is a boundarynodeand S< db then
renderchild asasplatof sizedb pixels;

else
TraverseTree( child)

end
end

Algorithm 3: Pseudo-codefor therelatively simpletraversalal-
gorithm of the bounding-spheretreestructures.This codealso
illustrateshow frame-ratecontrol is obtainedby adjustingthe
minimum pixel splatsizes,dr anddb. Note that in the current
implementationdr anddb areonly allowed to decreasedaftera
fully completedtreetraversalhasleadto toohigh frame-rates.

Theoverallalgorithmusedto traversethehierarchicaltreestruc-
turesof theShell andSolid is outlinedin Algorithm 3. Thetwo
key componentsaretheculling tests,thatarethe topic of thenext
two sections,andthe frameratecontrol by meansof adaptive re-
�nements. As shown in the pseudo-code,the algorithmemploys
a simple feedbackmechanismfor the frame rate to dynamically
adjustthe minimum allowed pixel sizesof a splatasmeasuredin
screenspace.As will beexplainedin Section3.2,it is usefulto de-
�ned two suchminimumpixel splatsizesin orderto obtainbetter
�delity of intersectionsbetweentheShell andSolid .

3.1 Visibility Culling Tests

During theprocessof actuallytraversingthehierarchicaltrees,see
Algorithm 3, weperformfaston-the-�y tablelookupsto effectively
decompressthe attributesof the boundingspheres.Subsequently



theseattributesareusedin asetof importantculling teststhatallow
usto very effectively skip branchesof thetreesthatarenot visible
during rendering. As we shall seein the next sectionvolumetric
clipping canalsobe implementedasa so-calledCSGculling test.
For now we focuson thevisibility culling tests.

View-frustum culling: If a boundingsphereis completelyout-
sidetheviewing frustum,de�ned from thecurrentcameraposition,
that nodeandall it' s childrenareignored. If the boundingsphere
intersectsany of theplanesof theview-frustumwe subdivide it by
traversingto it' s children.If on theotherhandtheboundingsphere
in completelyinsidetheview-frustumthis typeof culling testwill
bedisabledfor all it' s children.

Back-faceculling: For the Shell , we hierarchicallyencoded
normalvectorsandboundingnormalcones,which allows for fast
eliminationof branchesof theShell treewhereall nodesarepoint-
ing entirelyaway from thecurrentcameraposition. However, the
Solid nodeshave no normal informationsinceit dependson the
currentshapeandpositionof the CSGprobeusedfor volumetric
culling (seenext section).Consequentlywecannotperformhierar-
chicalback-faceculling duringtraversalof theSolid tree.Instead
we simply performback-faceculling beforewe rendertheindivid-
ualSolid splatsusingthenormalsderivedfrom theCSGprobe.

Occlusion culling: Since our renderingprimitives are point
basedit is unfortunatelyvery hardto ef�ciently performhierarchi-
cal occlusionculling during tree traversal. Insteadwe leave the
occlusionculling to thegraphicshardwareby simply enablingthe
z-buffer algorithm.

3.2 AdaptiveVolumetric Clipping by CSGCulling

Sinceall splatsarerenderedascompletelyopaque,it is importantto
allowstheenduserto dynamicallyclip theShell andSolid in or-
derto exploretheinteriorpartsof thevolumetricdataset.Elseonly
the Shell would be visible during rendering.It is alsoimportant
that this volumetricclipping canbe integratedef�ciently into the
renderingalgorithmsuchthatreal-timeperformanceis still guaran-
teed.Thesolutionis surprisinglysimple;usea virtual CSGprobe
to introducehierarchicalinside-outsideculling testsduringthetree
traversals. The virtual probecanin principle be any user-de�ned
solidgeometryonwhichfastinside-outsidetestscanbeperformed.
Clearlyprobesde�ned from implicit signeddistancefunctionsare
particularly convenientsincethey also give us informationabout
theshortestdistanceto theprobeaswell asnormalvectorsde�ned
as the gradient. As we shall soonseethis featureturn out to be
very usefulfor improving therenderingof theresultingCSGinter-
sections.The actualimplementationsof theseideasdiffer for the
Solid andShell datastructuresaswill beexplainedbelow.

CSG culling of Solid : If a boundingsphereis not intersect-
ing the surfaceof the probe,it and it' s subtreearediscardedand
not processedfurther. Else,we continuetraversingthat branchof
the Solid tree until a splat size is reachedcorrespondingto the
minimumallowedpixel splatsizefor thecurrenttypeof node.As
emphasizedin Algorithm 3 wede�ne separateminimumpixel splat
sizesfor boundarynodes(db) andregular internalnodes(dr ). This
distinctionis very importantsinceit enablesus to adjustthe reso-
lution of Solid splatsalongtheintersectioncurvewith theShell .
By enforcingdr > db � 1 we cansigni�cantly reducestheappear-
anceof silhouettesalongtheintersectioncurvedueto crossingand
overlappingsplatsfrom theShell andSolid . Furthermore,since
theboundarybit of aparentSolid nodeis de�nedasthelogicalor
of theboundarybits of it' s child nodes,this simpletechniqueauto-
maticallyleadsto a smoothadaptive resolutionof theSolid splats
asthey get closerto the intersectioncurve, seeFigure4. Finally,
asvery few Solid spheresarelocatedalongthe Shell /probein-
tersectioncurve, this improvedadaptive renderingtypically hasan
insigni�cant computationaloverhead.

InsideOutside Probe Edge

Figure 4: Illustration of adaptive splatting to improve volumetric clip-
ping by CSG intersection of a virtual probe (center dotted line) with
the bounding spheres.Note how the radii of the spheresdecreaseas
they get closer to the edge of the probe. The CSG culling can be
summarized as: Shell spheresinside (white) are discarded whereas
Shell spheresoutside (yellow) are rendered. Solid spheresthat are
not intersecting the probe are all discarded. Intersecting spheresof
both types (blue) are o�set as describe in the text and rendered.

To furtherimproveon therenderingof theSolid weprojectthe
boundingspheresonto thesurfaceof theprobe.This projectionis
implementedasan offset of the center, c, of the boundingsphere
alongthe local normalvector, n, derived from theprobe.Thedis-
tanceof this offsetis givenby thesignedshortestdistance,d, from
c to theprobe,wherethesignconventionof d is positive distances
insidetheprobe,i.e. n pointsinwardsof theprobe.Thisall amounts
to thefollowing simpleexpressionfor thenew centerof thebound-
ing spheresc� dn. This trick effectively preventsvisually annoy-
ing poppingeffects of the Solid splatswhen the resolution(i.e.
splatsizes)changesigni�cantly to maintaininteractiveframe-rates.

CSG culling of Shell : If a boundingsphereis completelyin-
side the probe, the nodeand it' s children are not rendered. For
bounding spheresthat are completely outside the probe, CSG
culling is disabledfor this branchof the treeandit' s childrenare
renderedonly if they areleaf nodesor have a splatsize� dr . If on
theotherhanda boundingsphereis intersectingthesurfaceof the
probeit will be renderedif it is a leaf nodeor the splatsize� db
- elsewe traversewith CSG culling enabled. As for the Solid
discussedabove, this techniqueallows us to renderthe CSG in-
tersectioncurve at a higherresolution(de�ned throughdb), but at
thesametimeachieveasmoothtransitionto theremainingpartsof
theShell renderedat a lower resolution(de�ned throughdr ), see
Figure4. To further improve the outline of the CSGintersection
andreducetheappearanceof silhouetteswe alsooffset thesphere
centerof the boundarynodesbeforethey arerendered.Using the
samesymbolsasabove this projectionreadsasc� (r + d) n where
r is theradiusof theboundingsphere.

Figure 5: Interactive renderingsof respectively the Shell , Solid and
the composit of both. Note the missingbottom part inside the Shell
due to back-face culling. The CSG probe is simply a cutting plane.
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Figure 6: The left and right part of each image show respectively
the interactive and idle (i.e. �nest) resolution of the model. In the
top row of the matrix the Shell is derived from vertices and in the
bottom row the Shell is derived from faces. In the left column the
Solid is derived from cells, in the center column the Solid is derived
from verticesand in the right column the Solid is derived from faces.

4 RESULTS

We presentresultsfrom interactive visualizationof two unstruc-
turedmeshesexceedingrespectively 5 million and2 million tetra-
hedra,bothwith 13 �eld values.Wewereableto demonstratereal-
timedataexplorationof bothfull data-sets,allowing for interactive
rendering,color manipulation,andprobeclipping while sustaining
any frameratedesired.

Table1 lists differentperformancedatafrom thepre-processing
of the largerdata-set,the“cannister”.Note that thecombinedpre-
processingto constructthe compactdatastructuresof the Shell
and Solid always took less than 5 minuteson a mediumsized
PC. All the imagesshown are renderedusing fast but un-aliased
OpenGLpoints(i.e. squares)asthesplattingkernelfor thebound-
ing spheres.Figure5 shows separaterenderingsof theShell and
Solid . NotethemissingbottompartinsidetheShell dueto back-
faceculling. Figure9 shows renderingswith different�x ed mini-
mumpixel splatsizesandFigure7 showsdifferentCSGprobesand
color transferfunctionsappliedinteractively to thecannisterdata-
set. Figure6 shows the samemodel renderedwith splatsderived
from differentgeometricprimitives. Clearly the trianglesproduce
the highestresolutionmodels,but verticesandthe tetrahedraalso
leadto relatively goodrenderingswith signi�cantly smallermem-
ory footprints(seeTable1). Figure8 illustratesthe importanceof
theadaptiveCSGculling discussedin theprevioussection.Without
our proposedadaptive renderingalongtheedgeof theCSGprobe,
disturbingsilhouettesfrom intersectingsplatswill popupduringin-
teractionswith thedata-set.Finally Figure10showsdifferentCSG
cutsof a smallerdata-setfrom a so-called“Taylor impact” simula-
tion.

The useof an unbalancedoctree,as opposeto an unbalanced
quadtreefor theSolid , reducedthememoryconsumptionby more
than25% for the cannisterdataset. In fact this numberincreases
with thenumberof �eld valuesencodedinto thedatastructure.The
frame-ratesfor a �x ed resolutionimproved by approximatelythe
sameamountdependingon the resolutionandextendof volumet-
ric clipping. The averagebranchingfactorsof the corresponding
Solid treeswererespectively 2.9and5.3.

5 CONCL USI ONS AND FUTURE WORK

We have presentedTetSplat,a framework for interactive visualiza-
tion of verylargetetrahedralmesheswith multiple�eld values.The
approachis basedon point-splattingandCSGculling with guaran-
teedreal-timeperformanceregardlessof thesizeof theinput mesh
andtheavailablerenderinghardware.Thoughour methodwasex-
clusively demonstratedon unstructuredtetrahedralmeshestheap-
proacheasily generalizesto any unstructuredsolid meshtype as

Figure 7: Interactive volume clipping and editing of color transfer
functions for di�erent �eld values. The three di�erent types of vol-
umetric clipping probes are: (left to right) plane, sphereand box.

Figure 8: Left: regular (i.e. uniform) rendering of CSG edge with
dr = db = 10 pixels. Note the silhouettes form intersecting splats.
Right: our improved adaptive rendering with dr = 10 pixelsand db = 1
pixel. SeeAlgorithm 3 and Section 3.2 for de�nitions of dr and db.

long asit' s possibleto consistentlyde�ne attributeslike position,
radiusandnormalvectorsfor thesplatsthatservesasleaf nodesin
thebounding-spherehierarchicaltreestructures.

As mentionedbefore the tetrahedralmesheswe have studied
werepartitionedon multiplecomputenodesdueto thetremendous
numericalchallengesinvolved in solving the CFD simulationson
themesh.Wehavealreadymadeuseof this for thepre-processing,
but wearecurrentlyworkingonparallelizingtherenderingaswell.
This will remove thebottleneckinvolved in condensingvery large
fragmentsontoa singlerenderingnodeandallow for muchhigher
resolutionsfor any givenframe-rate.

We would alsolike to explorealternative compressionschemes
for the hierarchicalencodingof nodeattributesin our treestruc-
tures. Currently we use simple bit-�x ed quantizationwhich is
simpleto implementandallows for very faston-the-�y decoding.
HowevervariablelengthencodinglikeHauffman-coding[14] could
potentiallyleadto muchmorecompactdatastructures.

As a �nal remarkwewould like to stressthatwedonotclaim to
have inventedthe“silver bullet” for visualizingunstructuredtetra-
hedralmeshes.In fact thework presentedin this paperis not even
intendedas a replacementto existing visualizationtechniquesof
mediumsizedtetrahedralmeshes.Ratherit shouldbe seenas a

Figure 10: Di�erent CSGcuts of data-set from a \T aylor impact test"
consisting of a metallic cylinder impacting a rigid wall. The data has
2,175,488 tetrahedra with 13 attributes on 385,165 vertices. Solid
has 4,395,648 leaf nodes and Shell has 89,344 leaf nodes.



Table 1: Table of data from the pre-processingof the cannister data set with 5,378,048 tetrahedra, 974,127 vertices and 3 scalar values pr
vertex. Original size of this unstructured tetrahedral mesh is 204Mb. Times are reported in minutes (on a single 1.7GHz PC) and combine
derivation of Shell and Solid . \b ranching" denotes the averagebranching factor for the corresponding Shell and Solid trees. With 3 �eld
values the sizesof the individual Shell and Solid nodes are respectively 10 and 8 bytes.

Shell Solid
Primitives time leafnodes total nodes branching size(Mb) leafnodes total nodes branching size(Mb)
Tetrahedra 3.1 – – – – 5,378,048 6,628,594 5.3 55.2
Vertices 2.8 154,310 229,319 3.0 2.4 819,817 1,003,607 5.5 9.7
Triangles 4.1 308,608 462,807 2.8 4.8 10,601,792 13,253,693 5.1 109.2
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Figure 9: Renderingswith di�erent �xed splat pixel sizes. Top row shows the full model and bottom row is a closeup. Frame rates are listed in
units per secondon a P4 1.7GHz, Radeon 8700.

point-basedalternative in situationswherereal-timerenderingfor
fast inspectionof large meshesis of outmostimportance.We ac-
knowledgedthattheremaybesituationswherethetradeoffs related
to usingpoint-basedrenderingasopposeto polygonrenderingis
justnotacceptable.Oneof thebiggestdisadvantagesof ourmethod
is actuallythatit doesnotwork verywell for smallmeshessincethe
individual splatswill often be visible. This problemcould be ad-
dressedwith a hybrid methodwherewe switchto polygonrender-
ing whenthesplat-sizeis largeenoughto causealiasing.However
it will obviously not betrivial to integratethis ideainto our current
real-timerendererwith CSGclipping.
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